
Analytic Multi-Solitonic Solutions of Variable-Coefficient Higher-Order
Nonlinear Schrödinger Models by Modified Bilinear Method with
Symbolic Computation

Xiang-Hua Menga, Chun-Yi Zhangb,c, Juan Lia, Tao Xua, Hong-Wu Zhua, and Bo Tiana

a School of Science, Beijing University of Posts and Telecommunications, P. O. Box 122,
Beijing 100876, China

b Meteorology Center of Air Force Command Post, Changchun 130051, China
c Ministry-of-Education Key Laboratory of Fluid Mechanics and National Laboratory for

Computational Fluid Dynamics, Beijing University of Aeronautics and Astronautics,
Beijing 100083, China

Reprint requests to X.-H. M.; E-mail: xhmeng0101@gmail.com

Z. Naturforsch. 62a, 13 – 20 (2007); received December 14, 2006

In this paper, the physically interesting variable-coefficient higher-order nonlinear Schrödinger
models in nonlinear optical fibers with varying higher-order effects such as third-order dispersion,
self-steepening, delayed nonlinear response and gain or absorption are investigated. The bilinear
transformation method is modified for constructing the analytic solutions of these models directly
with sets of parametric conditions. With the aid of symbolic computation, the explicit analytic multi-
solitonic solutions of the variable-coefficient higher-order nonlinear Schrödinger models are pre-
sented by employing the modified bilinear transformation method. The one- and two-solitonic so-
lutions in explicit form are given in detail. Finally, solutions are illustrated and discussed through
adjusting the parameters, so different dispersion management systems can be obtained.
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1. Introduction

The nonlinear Schrödinger (NLS)/perturbed NLS
models with constant coefficients and/or variable coef-
ficients are among the most important nonlinear mod-
els. Much attention has been paid to studying such
models in many branches of modern science, such
as plasmas physics [1 – 3], nonlinear modulation of
waves in the Rayleigh-Taylor problem [4, 5], nonlin-
ear pulse propagation in a long-distance, high speed
optical fiber transmission system [6 – 11], and blood as
an incompressible inviscid fluid by considering the ar-
teries as a tapered elastic thin-walled long circularly
conical tube [12]. With the development of the optical
fiber transmission and soliton theory, the solitary light
waves and optical solitons have been theoretically and
experimentally of particular interest in the optical fiber
system for the past decades [6, 7, 13 – 15]. The NLS
type models are taken into account for investigating
pulses in the picosecond regime. If the optical pulse is
of the order of femtoseconds, the NLS type equations
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turn inadequate to describe the realistic problems. For
this case, the higher-order effects such as third-order
dispersion, self-steepening and delayed nonlinear re-
sponse are considered; that is, the problem is governed
by the higher-order nonlinear Schrödinger (HNLS)
equation derived by Kodama and Hasegawa [16, 17].
The constant-coefficient HNLS model describing the
ideal optical fiber transmission system has been stud-
ied such as by an improved algebraic method [18] and
conducting the Painlevé analysis [19].

However, in the real fiber, when the core medium is
inhomogeneous, the governing equation becomes the
variable-coefficient HNLS (vc-HNLS) equation [16,
17, 20] as

iuξ + α(ξ )uττ + β (ξ )|u|2u + iγ(ξ )(|u|2u)τ

+ iζ (ξ )(|u|2)τ u + iδ (ξ )uτττ = −iΓ (ξ )u,
(1)

where u = u(ξ ,τ) is the complex envelope of the
electrical field in a comoving frame, ξ the normal-
ized propagation distance and τ the retarded time.
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α(ξ ) and δ (ξ ) represent the group velocity disper-
sion, and third-order dispersion, respectively, and the
third-order dispersion effect plays much more impor-
tant roles in the femtosecond pulse compression [21].
β (ξ ) is the nonlinearity parameter, and the parame-
ters γ(ξ ) and ζ (ξ ) denote self-steepening and delayed
nonlinear response effects, respectively. Γ (ξ ) is re-
lated to the heat-insulating amplification or absorption.
All of these coefficient functions are real analytic ones.
Equation (1) describes the femtosecond pulse propa-
gation which can be applied extensively to telecom-
munication and ultrafast signal-routing systems in the
weakly dispersive and nonlinear dielectrics with dis-
tributed parameters.

Equation (1) admits soliton-type solutions, called
dispersion-managed solitons. The concept of disper-
sion management (DM) [22, 23] is a new and impor-
tant development in the optical fiber transmission sys-
tem. The goal of DM is to overcome some effects such
as dispersive broadening of the pulse over long dis-
tances, resonant four-wave mixing and modulation in-
stability. The utilization of the dispersion compensat-
ing fiber constitutes the main technique for DM. An
optimal DM system can be devised owing to the ap-
propriate distributed parameters in (1) for a concrete
problem.

If the coefficient functions satisfy γ(ξ )+ ζ (ξ ) = 0,
(1) turns to

iuξ + α(ξ )uττ + β (ξ )|u|2u + iγ(ξ )|u|2uτ

+ iδ (ξ )uτττ = −iΓ (ξ )u.
(2)

If the coefficients of (2) are constant, (2) is known as
the Hirota equation for which the dark soliton [19]
and N-envelope-soliton solutions [24] have been ob-
tained. As for (2), when α(ξ ) = β (ξ ) = Γ (ξ ) = 0 and
u(ξ ,τ) is a real function, the equation reduces to the
variable-coefficient modified Korteweg-de Vries equa-
tion. Some other special cases of (1) in space or labo-
ratory plasmas, fluid dynamics and optical fibers have
been widely researched. For example, in the real com-
munication system of optical solitons, pulse propaga-
tion is described by the equation

iψξ + β (ξ )ψττ + γ(ξ )|ψ |2ψ + ig(ξ )ψ = 0, (3)

which can demonstrate the dispersion-managed unper-
turbed

(
g(ξ ) = 0

)
[25 – 27] or perturbed

(
g(ξ ) �= 0

)
[14, 15, 28, 29] variable-coefficient NLS models. As
far as we know, the research on the vc-HNLS models

is not yet widespread. Motivated by this, the vc-HNLS
models are investigated in this paper.

The bilinear transformation method [30 – 32] is an
analytical direct method for solving the N-soliton or
multi-solitonic solutions of a wide class of nonlin-
ear partial differential equations (NLPDEs) through
dependent variable transformations and expansion of
the format parameter [33]. It can also be used to de-
rive the bilinear Bäcklund transformation [34, 35]. In
fact, it is noted that the bilinear method has been fo-
cusing more on the constant-coefficient NLPDEs. In
this paper, the modified bilinear method is introduced
to construct the explicit analytic multi-solitonic solu-
tions of the vc-HNLS models under certain paramet-
ric constraints. Due to the modified bilinear method,
it is ready to transform the vc-HNLS models into
the variable-coefficient bilinear equations similar to
the corresponding constant-coefficient ones in form.
Subsequently, families of analytic dispersion-managed
solitonic solutions of the vc-HNLS models can be ob-
tained.

This paper is organized as follows: In Section 2,
the bilinear method is modified, and the bilinear form
of (1) under certain parametric conditions and its one-
solitonic solution are obtained. In Section 3, as a spe-
cial case of (1), under the condition γ(ξ )+ ζ (ξ ) = 0,
the N-solitonic solutions of (2) are constructed and an
explicit two-solitonic solution is given in detail based
on its bilinear form. In Section 4, there will be illustra-
tions and discussions on those solutions.

2. Modified Bilinear Method and One-Solitonic
Solution of (1)

The main features of the modified bilinear method,
displayed by the modified dependent variable transfor-
mation, are given in the following. At the beginning,
the nonlinear evolution equation is transformed into a
bilinear form through the dependent variable transfor-
mation, i. e.,

u(ξ ,τ) = k(ξ )
g(ξ ,τ)
f (ξ ,τ)

, (4)

where k(ξ ) and f (ξ ,τ) are both real differentiable
functions, and g(ξ ,τ) is a complex differentiable one.
Substituting transformation (4) into (1), and after some
symbolic computations [36, 37], the following equa-
tion can be obtained:

i
[k(ξ )Γ (ξ )+ k′(ξ )]

f
g + i

k(ξ )
f 2 Dξ (g · f )
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+
β (ξ )k3(ξ )

f 3 g|g|2 +
α(ξ )k(ξ )

f 2 D2
τ(g · f )

− α(ξ )k(ξ )
f 3 gD2

τ( f · f )+ i
3γ(ξ )k3(ξ )

f 4 Dτ(g · f )|g|2

+ i
γ(ξ )k3(ξ )

f 3 gDτ(g∗ ·g)+ i
2ζ (ξ )k3(ξ )

f 4 Dτ(g · f )|g|2

+ i
ζ (ξ )k3(ξ )

f 3 gDτ(g∗ ·g)+ i
δ (ξ )k(ξ )

f 2 D3
τ(g · f )

− i
3δ (ξ )k(ξ )

f 4 Dτ(g · f )D2
τ( f · f ) = 0, (5)

where the prime and asterisk denote the derivative
with respect to ξ and complex conjugate of the func-
tion g(ξ ,τ), respectively, while Dξ and Dτ are the bi-
linear derivative operators [30, 31] defined by

Dm
ξ Dn

τ(a ·b) =
(

∂
∂ξ

− ∂
∂ξ ′

)m( ∂
∂τ

− ∂
∂τ ′

)n

a(ξ ,τ)b(ξ ′,τ ′)
∣∣∣∣
ξ ′=ξ ,τ ′=τ

.

(6)

Splitting (5) with the different powers of denomina-
tor f and considering the constraint on coefficients

β (ξ )
α(ξ )

=
3γ(ξ )+ 2ζ (ξ )

3δ (ξ )
, (7)

the resulting system of equations is derived:

k(ξ )Γ (ξ )+ k′(ξ ) = 0, (8)

k(ξ )
f 2

[
iDξ (g · f )+ α(ξ )D2

τ(g · f )+ iδ (ξ )D3
τ(g · f )

]
+ i

[γ(ξ )+ ζ (ξ )]k3(ξ )
f 4 g f Dτ(g∗ ·g) = 0, (9)

α(ξ )k(ξ )
f 4 g f D2

τ( f · f )

+ i
3δ (ξ )k(ξ )

f 4 Dτ(g · f )D2
τ( f · f )

=
β (ξ )k3(ξ )

f 4 g f |g|2

+ i
[3γ(ξ )+ 2ζ (ξ )]k3(ξ )

f 4 Dτ(g · f )|g|2. (10)

According to (8), the relationship between k(ξ ) and
Γ (ξ ) is proved to be

k(ξ ) = C0e−
∫

Γ (ξ )dξ , (11)

where C0 is a nonzero real constant of integration
for nontrivial solutions of (1). Symbolic computation
on (9) and (10) under the constraint (7) leads to

α(ξ )D2
τ( f · f ) = β (ξ )k2(ξ )|g|2, (12)

f 2[iDξ + α(ξ )D2
τ + iδ (ξ )D3

τ
]
(g · f )

+ i
[
γ(ξ )+ ζ (ξ )

]
k2(ξ )g f Dτ(g∗ ·g) = 0.

(13)

That is to say, under conditions (7) and (11), the bi-
linear form of (1) consisting of (12) and (13) is ob-
tained. The following will be to solve the bilinear form
and get the one-solitonic solution of (1). Let us ex-
pand f (ξ ,τ) and g(ξ ,τ) formally in powers of an ar-
bitrary parameter ε as

f (ξ ,τ) = 1 + ε f1(ξ ,τ)+ ε2 f2(ξ ,τ)

+ ε3 f3(ξ ,τ)+ · · · ,
(14)

g(ξ ,τ) = εg1(ξ ,τ)+ ε2g2(ξ ,τ)

+ ε3g3(ξ ,τ)+ · · · ,
(15)

and note

Ψ = iDξ + α(ξ )D2
τ + iδ (ξ )D3

τ

in (13). Substituting expressions (14) and (15) into (12)
and (13) and equating coefficients of like powers
of ε to zero yield the recursion relations for fn(ξ ,τ)
and gn(ξ ,τ) (n = 0,1,2, · · · ):

2α(ξ )D2
τ( fn ·1) = −α(ξ )D2

τ

(n−1

∑
k=1

fk · fn−k

)

+ β (ξ )k2(ξ )
(n−1

∑
k=0

g∗k ·gn−k

)
,

(16)

Ψ(gn ·1) = −Ψ
(n−1

∑
k=1

gk · fn−k

)

−
n−1

∑
k=1

[( k

∑
j=0

f j · fk− j

)
·Ψ
( n−k

∑
j=1

g j · fn−k− j

)]

− i[γ(ξ )+ ζ (ξ )]k2(ξ )

·
n−2

∑
k=1

[( k

∑
j=1

g j · fk− j

)
·Dτ

(n−k−1

∑
j=1

g∗j ·gn−k− j

)]
,

(17)

noting f0(ξ ,τ) = 1 and g0(ξ ,τ) = 0. For n = 0,

α(ξ )D2
τ(1 ·1) = 0
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is satisfied identically. In the following, the one-soli-
tonic solution of (1) will be searched out.

To obtain the one-solitonic solution of (1), without
loss of generality, setting ε = 1 and assuming that

f (ξ ,τ) = 1 + Aeθ+θ∗
, g(ξ ,τ) = eθ ,

where A is a real constant to be determined and θ =
ητ +ϕ(ξ ) with η as a real constant and ϕ(ξ ) as a dif-
ferentiable function to be determined. Substituting the
supposition of f (ξ ,τ) and g(ξ ,τ) into (12) and (13),
and after some calculations, ϕ(ξ ) is determined to be

ϕ(ξ ) = iη2
∫

α(ξ )dξ −η3
∫

δ (ξ )dξ + ϕ0,

where ϕ0 is a real constant of integration. Further, the
relation

β (ξ )
α(ξ )

= C1e2
∫

Γ (ξ )dξ (18)

is presented with C1 as a real integral constant. Hereby
A turns out to be

A =
C2

0C1

8η2 .

Consequently, f (ξ ,τ) and g(ξ ,τ) can be reduced to

f (ξ ,τ) = 1 +
C2

0C1

8η2 eθ+θ∗
, g(ξ ,t) = eθ ,

with θ = ητ + iη2∫α(ξ )dξ −η3∫ δ (ξ )dξ + ϕ0.
To sum up, under the parametric constraints (7), (10)

and (18), the exact DM one-solitonic solution of (1) in
explicit form yields

u(ξ ,τ) = C0e−
∫

Γ (ξ )dξ eητ+iη2∫α(ξ )dξ−η3∫ δ (ξ )dξ+ϕ0

1 + C2
0C1

8η2 e2(ητ−η3∫ δ (ξ )dξ+ϕ0)

=
√

2
C1

ηeiη2∫α(ξ )dξ−∫Γ (ξ )dξ

· sech[ητ −η3
∫

δ (ξ )dξ + σ ], (19)

where σ = 1
2 ln
(

C2
0C1

8η2

)
+ ϕ0.

3. Multi-Solitonic Solutions of (2)

When the coefficients γ(ξ ) and ζ (ξ ) satisfy

γ(ξ )+ ζ (ξ ) = 0, (20)

(1) becomes (2), and condition (7) turns to

β (ξ )
α(ξ )

=
γ(ξ )

3δ (ξ )
, (21)

which can be regarded as the generalized Hirota con-
dition [20, 38].

In this section, the explicit two-solitonic and N-
solitonic solutions of (2) will be gained under condi-
tions (11), (18) and (21).

At first, the bilinear form (12) and (13) become

α(ξ )D2
τ( f · f ) = β (ξ )k2(ξ )|g|2, (22)

Ψ(g · f ) = 0, (23)

under conditions (11), (18) and (21). Substituting ex-
pressions (14) and (15) into (22) and (23), the recursive
relations of fn(ξ ,τ) and gn(ξ ,τ) (n = 1,2, · · · ) can be
shown:

2α(ξ )D2
τ( fn ·1) = −α(ξ )D2

τ

(n−1

∑
k=1

fk · fn−k

)

+ β (ξ )k2(ξ )
( n

∑
k=0

g∗k ·gn−k

)
,

(24)

Ψ(gn ·1) = −Ψ
( n−1

∑
k=1

gk · fn−k

)
. (25)

To generate the two-solitonic solution, the following
ansatz is made:

f (ξ ,τ) = 1 + A1eθ1+θ∗
1 + A2eθ2+θ∗

2 + A3eθ2+θ∗
1

+ A4eθ1+θ∗
2 + A5eθ1+θ2+θ∗

1 +θ∗
2 ,

g(ξ ,τ) = eθ1 + eθ2 +A6eθ1+θ2+θ∗
1 +A7eθ1+θ2+θ∗

2 ,

where θ j = η jτ + iη2
j
∫

α(ξ )dξ − η3
j
∫

δ (ξ )dξ + ϕ0 j
with η j and ϕ0 j ( j = 1,2) as real constants, and A j
( j = 1, · · · ,7) as real constants to be determined. Ac-
cording to the recursive relations, A j ( j = 1, · · · ,7) are
found to be

A1 =
C2

0C1

8η2
1

, A2 =
C2

0C1

8η2
2

, A3 = A4 =
C2

0C1

2(η1 + η2)2 ,

A5 =
C4

0C2
1(η1 −η2)4

64η2
1 η2

2 (η1 + η2)4 , A6 =
C2

0C1(η1 −η2)2

8η2
1 (η1 + η2)2 ,

A7 =
C2

0C1(η1 −η2)2

8η2
2 (η1 + η2)2 .



X.-H. Meng et al. · Variable-Coefficient Higher-Order Nonlinear Schrödinger Models 17

Thus, f (ξ ,τ) and g(ξ ,τ) are given as

f (ξ ,τ) = 1 +
C2

0C1

8η2
1

eθ1+θ∗
1 +

C2
0C1

8η2
2

eθ2+θ∗
2

+
C2

0C1

2(η1 + η2)2 eθ2+θ∗
1 +

C2
0C1

2(η1 + η2)2 eθ1+θ∗
2

+
C4

0C2
1(η1 −η2)4

64η2
1 η2

2 (η1 + η2)4 eθ1+θ2+θ∗
1 +θ∗

2 ,

g(ξ ,τ) = eθ1 + eθ2 +
C2

0C1(η1 −η2)2

8η2
1 (η1 + η2)2 eθ1+θ2+θ∗

1

+
C2

0C1(η1 −η2)2

8η2
2 (η1 + η2)2 eθ1+θ2+θ∗

2 .

Therefore, the DM two-solitonic solution of (2) under
conditions (11), (18) and (21) are sought in the form

u(ξ ,τ) = k(ξ )
g(ξ ,τ)
f (ξ ,τ)

=

√
8

C2
0C1

· η1 + η2

η1 −η2
e−
∫

Γ (ξ )dξ
{

η1 cosh(ε1+σ1)eiη2
2
∫

α(ξ )dξ

+ η2 cosh(ε2 + σ2)eiη2
1
∫

α(ξ )dξ
}

·
{

cosh(ε1 + ε2 + σ3)+
(η1 + η2)2

(η1 −η2)2 cosh(ε2 − ε1+σ4)

+
8η1η2

(η1 −η2)2 cos
[
(η2

1 −η2
2 )
∫

α(ξ )dξ
]}−1

. (26)

with

ε j = η jτ −η3
j

∫
δ (ξ )dξ + ϕ0 j ( j = 1,2),

σ j = ln

(√
C2

0C1(η1 −η2)2

8η2
j (η1 + η2)2

)
( j = 1,2),

σ3 = ln
(

C2
0C1(η1 −η2)2

8η1η2(η1 + η2)2

)
,

σ4 = ln
(

η1

η2

)
.

The N-solitonic solution in the sense of [24] of (2)
can be expressed in the form

u(ξ ,τ) = C0e−
∫

Γ (ξ )dξ g(ξ ,τ)
f (ξ ,τ)

, (27)

f (ξ ,τ) = ∑
µ=0,1

′ exp

(
2N

∑
j<k

B jkµ jµk +
2N

∑
j=1

µ jθ j

)
, (28)

g(ξ ,τ) = ∑
µ=0,1

′′ exp

(
2N

∑
j<k

B jkµ jµk +
2N

∑
j=1

µ jθ j

)
, (29)

g∗(ξ ,τ) = ∑
µ=0,1

′′′ exp

(
2N

∑
j<k

B jkµ jµk +
2N

∑
j=1

µ jθ j

)
, (30)

where

θ j = η jτ + iη2
j

∫
α(ξ )dξ −η3

j

∫
δ (ξ )dξ + ϕ0 j

( j = 1,2, · · · ,2N),

ω j = iη2
j

∫
α(ξ )dξ −η3

j

∫
δ (ξ )dξ + ϕ0 j

( j = 1,2, · · · ,2N),

η j+N = η j, ω j+N = ω∗
j ( j = 1,2, · · · ,N),

B jk = ln
[

2α(ξ )
β (ξ )k2(ξ )

(η j −ηk)2
]

for j = 1,2, · · · ,N and k = 1,2, · · · ,N, or

j = N + 1, · · · ,2N and k = N + 1, · · · ,2N,

B jk = − ln
[

2α(ξ )
β (ξ )k2(ξ )

(η j + ηk)2
]

for j = 1,2, · · · ,N and k = N + 1, · · · ,2N,

with η j and ϕ0 j as real constants ( j = 1,2, · · · ,2N)
and i =

√−1. ∑
µ=0,1

′, ∑
µ=0,1

′′ and ∑
µ=0,1

′′′ denote the sum-

mation over all possible combinations of µ j = 0,1
( j = 1,2, · · · ,2N) and require

N

∑
j=1

′µ j =
N

∑
j=1

′µ j+N ,

N

∑
j=1

′′µ j = 1 +
N

∑
j=1

′′µ j+N ,

1 +
N

∑
j=1

′′′µ j =
N

∑
j=1

′′′µ j+N .

4. Discussion and Conclusion

The optical solitons are of particular interest theo-
retically and experimentally because of their potential
applications in the long-distance, high speed optical
fiber transmission system. The vc-HNLS models de-
scribe the femtosecond pulse propagation which is ap-
plied to telecommunication and ultrafast signal-routing
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Fig. 1. DM bright one-solitonic solution with C0 = 1, C1 = 1,
η = 0.8, σ = 0, Γ (ξ ) = sin(ξ ) and δ (ξ ) = 0.1sin(ξ ).

Fig. 2. Trajectory of the peak of the DM one-solitonic so-
lution, i. e., at the moment of τ = −cos(ξ ) with the same
parameters as in Figure 1.

systems extensively in the weakly dispersive and non-
linear dielectrics with distributed parameters. In this
paper, according to the modified bilinear method, one-
solitonic solution of (1) is derived under conditions (7),
(11) and (18). N-Solitonic and two-solitonic solutions
of (2) in explicit form are also presented under con-
straints (11), (18), and (21). We believe that the mod-
ified bilinear method similar to the bilinear method,
which is one of the effective methods for construct-
ing solitonic solutions, can be applied to obtain multi-
solitonic solutions of other variable-coefficient nonlin-
ear evolution equations.

In the following, discussions and conclusions on the
solutions will be demonstrated.

1. Through the direct but powerful modified bi-
linear method, under certain coefficient conditions,
an explicit one-solitonic solution of (1) has been ob-
tained. The weak balance among third-order disper-
sion, self-steeping and delayed nonlinear response ef-
fects, i. e., condition (7), induces the existence of the
one-solitonic solution. Moreover, the third-order dis-
persion effect affects the propagation velocity of the
soliton, and the phase shift is related to the group ve-
locity dispersion, while the perturbed term Γ (ξ ) has
influence on the the wave amplitude. In view of the

Fig. 3. DM one-solitonic solution demonstrating oscillation
with the same parameters as in Fig. 1 except that Γ (ξ ) =
0.2sin(5ξ ) and δ (ξ ) = sin(ξ/5).

Fig. 4. Oscillation of the peak for the DM one-solitonic so-
lution indicated with the locations at ξ = 5, ξ = 8, ξ = 15,
ξ = 20, ξ = 25.

form of solution and constraint (18), adjusting the pa-
rameters α(ξ ), β (ξ ) and δ (ξ ) can lead to an optimal
dispersion management system for the concrete prob-
lem. With symbolic computation, it is found that solu-
tion (19) is also the one-solitonic solution of (2) as a
special case of (1).

2. For the vc-HNLS models (1) and (2) with vari-
able coefficients depending on the normalized propa-
gation distance ξ , the amplitude of the one-solitonic
solution goes through periodic growth and delay, with
the parameters as seen in Figure 1. The periodicity of
the peak of the one-solitonic solution can be observed
in Figure 2.

3. Figures 3 and 4 show the oscillation of the
peak of the DM one-solitonic solution. With the pulse
propagation along the distance ξ , the peak of the
one-solitonic solution demonstrates oscillation along
the time axis τ . Meanwhile, for the parameter Γ (ξ )
adopted in Fig. 3, the amplitude goes periodic changes
along the distance.

4. Adjusting the parameters accordingly, different
DM soliton systems can be obtained. Figures 5 and 6
demonstrate the DM two-solitonic interactions. From
Fig. 5, it can be noted that two solitons collide elas-
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Fig. 5. DM two-solitonic solution interaction with C0 = 2,
C1 = 10, η1 = 1, η2 = 2, ϕ01 = ϕ02 = 2, α(ξ ) = 2, Γ (ξ ) = 0
and δ (ξ ) = 0.2.

tically without perturbation, i. e., after collision the
two-solitonic waves maintain their original shapes with
only a phase shift at the moment of collision. How-
ever, for Fig. 6 the perturbation Γ (ξ ) causes the am-
plitude attenuation and destroys the elasticity of soli-
ton collision [39]. The two cases have in common
that the taller wave catches the shorter one before
collision, and leaves the shorter wave behind after
collision.

In conclusion, the higher-order nonlinear Schrö-
dinger models govern the propagation of femtosecond
light pulses in the optical fibers. The femtosecond soli-
ton control is of physical interest while the picosec-
ond soliton control has been extensively studied. In this
paper, the explicit DM multi-solitonic solutions of the
vc-HNLS models are obtained through the direct mod-
ified bilinear method under certain parametric condi-
tions. From the optical point of view, those conditions
may be of guidance for the experimental generation of

Fig. 6. DM two-solitonic solution interaction with the same
parameters as in Fig. 5 except that C0 = 1, C1 = 1, Γ (ξ ) =
0.1, and δ (ξ ) = cos2(ξ ).

solitons. Evidently, the modified bilinear method can
also be applied to obtain multi-solitonic solutions of
families of variable-coefficient NLPDEs in the sense
of [24].
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